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Time comes into it.

Say it. Say it.

The universe is made of stories,
not of atoms.

—The Speed of Darkness, Muriel Rukeyser.
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High-precision frequency measurements of atomic transitions can be used to probe physics
beyond the Standard Model [1, 2] and are bounded only by the ability to calculate nuclear
and electronic effects. Precise isotope-shift measurements of ground and low-lying atomic
states depend heavily on a detailed description of the nuclear structure and are therefore
very difficult to calculate theoretically. In contrast, Rydberg states (atomic states with high
principal n and angular ¢ quantum numbers) are less affected by nuclear and electronic
systematics than low lying atomic states, mainly due to the large orbital radius of the valance
electron and its negligible overlap with the nucleus.

This suggest Rydberg atoms as a good platform for searches of new physics, such as
light force mediators between neutrons in the nucleus and electrons, as they are potentially
able to disentangle the new physics observable from the unknown nuclear effects. Here we
develop a strategy to formulate a set of observables that are sensitive to the presence of new
mass-dependent light mediators in Rydberg atoms and are independent to leading order of
nuclear effects.
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Chapter 1

Introduction

The Standard Model of particle physics (SM) successfully des-
cribes and predicts numerous phenomena up to the TeV scale,
and it is theoretically consistent up to a much higher energy. How-
ever, the SM has major problems as it cannot account for other ex-
perimentally observed phenomena. For example, it has no dark
matter particle that can explain observational measurements of
gravitational interaction, it cannot explain the baryonic asym-
metry or imbalance of matter anti-matter in the observable uni-
verse, nor it can predict neutrino oscillations. The above provides
a strong motivation to look for new particles beyond those in-
cluded in the SM. Although efforts concentrate in the search of
New Physics (NP) in colliders and high-intensity experiments,
optical tabletop experiments can also be used as new high-precision
approaches to probe low-energy NP processes [1].

Such high-precision frequency measurements are bounded by
the ability to calculate nuclear and electronic effects but do not
rely on exact knowledge of the SM contributions to the atomic
transitions [2]. Precise isotope-shift measurements of ground and
low-lying atomic states depend heavily on a detailed description
of the nuclear structure and are therefore very difficult to cal-
culate. This measurements also require atomic systems with a
number of stable isotopes which is uncommon [3]. In contrast,
Rydberg states (atomic states with high principal n and angular ¢
quantum numbers) of Alkali-metal atoms or ionized Alkali earth
metals are less affected by nuclear and electronic systematics than
low lying atomic states, mainly due to the large orbital radius of
the valance electron and its negligible overlap with the nucleus.
This suggest Rydberg atoms as a good platform for searches of
NP, such as low-mass force mediators between neutrons in the
nucleus and electrons, as they are potentially able to disentangle
the NP observable from the unknown nuclear effects and thus
alleviate the need for a large number of isotopes.

In this thesis, a strategy is developed to formulate a set of ob-
servables that are sensitive to the presence of new mass-dependent
NP force mediators in Rydberg atoms and are independent to
leading order of nuclear effects, requiring as a consequence less
isotopes than other approaches.

In §2 the non-relativistic atomic Hamiltonian and the effec-
tive model potential that describes the interaction of the Rydberg
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electron with the charge distribution of the core electrons is in-
troduced. §3 explains how the parameters of the model potential
in a polarization plot, and the electronic and nuclear factors in a
King’s plot, can be extracted from experimental measurements.
The appearance of a new force carrier, as described in §4, will
lead to deviations from the predicted spectra allowing for atomic
investigation of physics beyond the standard model. These in-
vestigations are then described in §5 in the context of Rydberg
atoms, where advantages over other approaches are discussed.
Finally in §6, the projected bounds on new physics are compared
with other existing bounds. We conclude by discussing future
directions.



El Modelo del Atomo

Con la taza de café caliente me enfrento a aquello que dejé escrito en la pantalla la noche an-
terior: ecuacion diferencial ordinaria no lineal no homogénea de sequndo orden con condiciones en la
frontera. Elmodelo del &tomo. Una sentencia. Tomo un sorbo de la taza con la esperanza que
la fuerza de los granos molidos me ayude a enfrentar esa ecuacién que sigue estando frente
a mi. Ahi, en ese momento, soy extrafio a mi mismo, soy yo en la frontera. ;Cémo apre-
hender eso, esa ecuacién, que no es realidad ni materia, tan intangible, tan silenciosamente
secreta?

Todo, la materia y el &tomo, la mezcla de elementos que en su inmutabilidad y eternidad
dan origen a la realidad es imperceptible a los sentidos. Eternos, indivisibles, homogéneos,
incomprensibles e invisibles. El racionamiento légico de Demdcrito me salva de la inco-
modidad que me ataca mientras estoy en esta silla, me protege del afan de desmontar el
mecanismo interno del universo y entender su incomprensibilidad. Asi como hay verdades
pero no verdad debo aceptar que eso que estd frente a mi, aquella ecuacién, aquel dtomo,
no es posible entenderlo—no porque no pueda sino porque no se puede. El aroma del café,
la tibieza de la taza y el sudor en mis manos mientras escribo en el papel, la temperatura
gélida del aire acondicionado que lucha contra el verano afuera de mi ventana, el sonido del
péjaro que grazna mientras la cruza, todo eso lo siento. Pero si lo siento todo, ;cémo puedo
explicarlo? ;cémo relacionarme con un mundo que no entiendo y que no puedo desarmar,
observar sus piezas y el vacio entre ellas para luego rearmar otra vez? ;cémo negar el en-
tendimiento de aquel mundo cuya fuerza experimento, negarme a mi mismo y a lo que me
rodea? Seré siempre extrafio a mi mismo.

Pasa el tiempo y el café se enfria, para desatarme de aquella ecuacién que me oprime y
me empuja contra la silla busco una imagen. Lentamente aquel 4&tomo indivisible e invisible
toma forma y aumenta su tamario. Primero es un cubo, todos los componentes de aquel tan
infinitamente punto sin estructura brotan y se redistribuyen en la geometria de los vértices,
en las conexiones de las aristas. Mi esperanza aumenta, enumero sus propiedades y voy a
confrontarlas con aquellas de la ecuacién que persiste en la pantalla. No es suficiente, atin
no se encuentran. Me libero de la rigidez del s6lido platénico y el 4&tomo se amplia, adquiere
la textura abollonada y el sabor azucarado del pudin, sus componentes se esparcen como
frutas en la superficie. En el calor, la forma y el sabor del pudin entiendo algo maés y el
secreto se comienza a revelar, veo entre los vericuetos de aquella formula la luz de la verdad.
Pero, no es suficiente atn. Aquel pudin en su irregularidad encuentra a la vez su falsedad.
Sin uniformidad no hay simetrfa. Persisto en la blisqueda y dibujo algo mas dentro de mi.
Nubes, 6rbitas, ondas. Un invisible sistema planetario, un universo abigarrado de extensién
magnifica que se reduce al 4tomo, al electrén, al punto, a una imagen. Todo aquello lo veo,
lo puedo experimentar y exacerba mis sentidos.

Sigue obstinado el texto en la pantalla, ecuacion diferencial ordinaria no lineal no homogénea
de segundo orden con condiciones en la frontera, pero ahora se cuela entre los margenes de
aquella férmula el infinito, algo de lucidez. No naufrago en aquel pequefio universo que
ensambla la realidad, en la experiencia de lo imperceptible, en la percepcién de lo invisible.
Navego entre imagenes y sensaciones. Sin embargo, esa sigue sin ser la realidad, son solo
metaforas. Tomo el dltimo sorbo de café, dejo la taza entre libros y papeles; ahi me esperara
inmutable hasta mafiana. Me levanto de la silla y en la pantalla persiste constante el mismo
texto. Una sentencia. No es ciencia lo que hago, es pura poesia.
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The Model of the Atom

With a cup of hot coffee, I am faced with that I left written on the screen the night before:
non-linear non-homogeneous ordinary differential equation of second order with boundary
conditions. The model of the atom. A sentence. I take a sip from the cup with the hope that
the force of the dark grinded beans helps me deal with the equation in front of me. There,
at that moment, I'm a stranger to myself, myself at the boundary. How to apprehend that,
that equation, which is neither reality nor matter, so intangible, so silently secret?

All, the matter and the atom, the blend of elements that give rise to the reality in its
immutability and eternity is imperceptible to the senses. Eternal, indivisible, homogeneous,
incomprehensible and invisible. That, the logical reasoning from Democritus, saves me from
the discomfort that takes over me while I sit in this chair, holds me back from disassembling
the inner mechanism of the universe and understand its incomprehensibility. As long as
there are truths but not Truth I must accept that the thing in front of me, the equation,
that Atom, is impossible to understand—not because I cannot but because it cannot be.
The aroma of the coffee, the warmth of the cup and the sweat in my hands while I write
in the paper, the gelid temperature of the air-conditioning fighting against the stubborn
summer outside the window, the sound of the quaking bird crossing the landscape, all that
I sense. But if I feel all of that, how can I explain it? How would I relate to a world that I
do not understand and that I cannot disassemble, that I cannot objectivize its parts and the
voids in between them? How to refuse to the understanding of that world whose weight I
experiment, to deny my self and everything around me? I'll always be a stranger to myself.

Time passes and the coffee cools, to get rid of what oppresses me and pushes me against
the chair I look for an image. Slowly I imagine the components of the atom. A cube, the
infinitive point without structure suddenly sprouts and redistribute in the geometry of ver-
tices, in the connections of the edges of a solid. My hope increases, I enumerate its properties
and I am going to confront them with those of the equation that persists on the screen. It
is not enough, they do not match yet. I free myself from the rigidity of the Platonic solid
and the atom expands, acquires the embossed texture and the sugary taste of a pudding,
its components spread like fruits on the surface. In the heat, the shape and the taste of the
pudding I understand something else about it and the secret begins to reveal, I see between
the twists and turns of that formula some light. But, it’s not enough yet. That pudding in
its irregularity at the same time finds its falsity. Without uniformity there is no symmetry. I
persist and try to draw anew in my imagination. Clouds, orbits, waves. An invisible plan-
etary system, a variegated universe of magnificent extension that is reduced to the atom, to
the electron, to the point, to an image, imagination. I see everything, I can experience it and
it exacerbates my senses.

Yet the stubborn text stays still on the screen, non-linear non-homogeneous ordinary dif-
ferential equation of second order with boundary conditions, but now a part of the infinity,
something of lucidity, creeps between the margins of that formula. Not shipwrecked in that
small universe that assembles reality, in the experience of the imperceptible, in the percep-
tion of the invisible, I browse between images and sensations. However, that is not reality
yet, all these are only metaphors. I take the last sip of coffee, I leave the cup between books
and papers; there it will wait unchanged for me until tomorrow. I get up from the chair and
the same text persists on the screen. A sentence. It is not science what I am doing here, it is
poetry.



Chapter 2

Revisiting the Atomic
Model

In this section, we discuss the electronic level structure of alkali
atoms and we present the non-hydrogenic effects coming from
the appearance of inner-shell electrons and the lifting of the point-
like nucleus approximation.

Let us start with the simplest quantum mechanical approach
to describe the atomic level structure: Bohr’s model. In there the
atom is depicted as a small, infinitely massive, positively charged
nucleus with Z protons orbited by an electron attracted by the
electrostatic force. This model is a close description of the Hy-
drogenic atom with Z proton in the nucleus and a single valence
electron, where the energy levels

2 \N2 2 2
(0) M e Z B o) Z
B = (mo> 7= @RS e

lead to the Rydberg series

() - ZZ Z2
v =R )<n,2—nz : (2.2)
Here ’
2 2
() _ Me (€ ) _ &
K= <4neo) 21, @53)

is the Rydberg’s constant and the superscript (o0) stands for the
infinitely massive nucleus approximation, « is the fine structure
constant and A, the Compton wavelength of the electron.

This simple perspective of atomic levels breaks as soon as we
move down on the periodic table into the alkali atoms. Alkali
atoms have one electron in the outermost orbital (similar to the
Hydrogen atom) but the presence of inner—shell electrons and
the finite size and mass of the nucleus introduce complex effects
that are not accounted for in the Hydrogenic model. Moreover,
corrections coming from relativistic effects associated with the
fine structure constant « must be taken into account. This ef-
fects are well known and lead in first order in (Za)? to the fine-
structure features of the atom. On the other hand, at scales close
to the Compton wavelength of the electron A,, quantum electro-
dynamic corrections become important leading to a number of
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effects like the Lamb shift of the levels.

For now we’ll examine the non-Hydrogenic effects due to the
inner-shell electrons and the lifting of the point-like nucleus ap-
proximation. To do so lets consider the non-relativistic Hamil-
tonian of an atom with N core electrons located at positions x;
(fori =1,...,N;) and one valence electron at x, together with a
nucleus of mass m 4 at xy,

LS A Ly
H="+) =+ ) Ven(xi —x0) + 5 ) Vee(xi — Xj)
2ma 4 2me i 2%

2 Nc

+ Ven(x — x0) + Z Vee (Xi — x)] , (24)
i=1

_|_

2m,

where Ven(x; — Xo) is the Coulomb potential between i—th elec-

tron with the nucleus and Vee (X; — X;) the one between electrons.

The dynamics are best described in the center of mass (CM) frame
! see Appendix A. where the Hamiltonian reduces to!

N, 1 ) 1 N, 1 N,
H:; ﬂpi +m7AZPi.Pj—i_VeN(ri)—’—EZVee(ri_rj)
= i J#i

_|_

ipz%—V (r) +L%p-p-+%v (ri—r;)
2}4 eN ZmA = ] = ee\ 1] AR
(2.5)

where ! = mgl +mg1! is the reduced mass of the atom [4, 5].
The suggestive separation of core and valence electron dynamics
relies on the fact that the valence electron is distinguishable from
the core electrons, an assumption that is true for Rydberg levels—
highly excited levels of the valence electron.

From the Hamiltonian above we can observe two distinct mech-
anisms that contribute to the deviation from the Bohr model, equa-
tion (2.1). First, electronic effects are introduced by the Coulomb
interactions between tightly bound electrons in the inner shell
(usually inactive during single electronic transitions) and outer-
core valence electrons that give rise to the energy structure of
the system and chemical properties of the elements. Even more,
multi-electron correlations will appear in the non-separability of
the system’s wavefunction. On the other hand, nuclear effects
due to the appearance of nuclear structure will give rise to further
deviations in the energy spectrum of the atom, and are known
as Field Shift (FS). Other nuclear related effects due to the mass
modification of the atom are encapsulated on the terms propor-
tional to the nuclear mass m,4 and the atomic reduced mass pu.
Due to their mass dependence, these effects are known as Mass
Shifts (MS).

To see how these come into play, let’s take a look again at
our atomic Hamiltonian (A.4). To see separately the contribu-
tions coming from the nucleus, the core electrons and the valence
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electron it can be rewritten as
H= Hcore + Hvalence + Vint + Vnucleus; (26)
where the Hamiltonian of the valence electron
2 2
p e 1
H = — - 2.7
valence ) " a7 o7 ( )

is taken to be Hydrogen-like and is the 0-th order Hamiltonian
that will be used for perturbation theory. The multi-electron Hamil-
tonian

Ne
Z Vee(rz' — I'])

N1, o1 X 1
Hcore = ; ﬂpz + M;pz ' p]"’ VeN(ri) + 5]#1

i=1

(2.8)

includes the effects of the presence of the electron shell, the iso-
topic potential

2

ec Z

Vaucleus () = 471e, P + Ven(r)
e’ Z e o(r')
= = d’r’ 2.
4req 7 + 4re / ' |t — 1| 29)

accounts for the Isotope Shifts (IS) deviations due to nuclear ef-
fects, both the extended charge distribution of the nuclei o (r) and
the Specific Mass Shifts (SMS) of the valence electron?. The last
term,

N
Vint(r) = Y Vee(r — 17) (2.10)
i=1

includes the Coulomb interaction between the valence electron
and the charge distribution of the shell electrons.

2.1 Multi-electron Effects and the Effective Mod-

el Potential

In addition to the electron-nucleus interaction Ven binding the
electron to the atom there exists another interaction term Vee ap-
pearing from the interaction between electrons. This many-body
interaction between the Z electrons composing the atom renders
the problem analytically intractable—meaning that we cannot solve
exactly the Schrodinger equation for this Hamiltonian. Further-
more, the Hamiltonian above does not include relativistic correc-
tions that are important and lead, for example, to the spin-orbit
structure of the energy levels. This relativistic corrections are part
of the future perspectives of this work.

However, as already suggested before, considering the va-
lence electron to be distinguishable from the core electrons helps

2 Notice that the nuclear effects
in the core electrons are included
in the multi-electron Hamiltonian
Heore.  This implies that the core
Hamiltonian is Isotope dependent.



3 For atoms with nonzero core an-
gular momentum the first order
perturbation energy in Vin gives a
series of terms in the even perma-
nent electric moments of the core,
leading to tensor fine structure.
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to simplify the problem. As seen in equation (2.6), there are pieces
of the Hamiltonian that act in the Hilbert subspace of the valence
electron or in the core electrons subspace, whereas the interac-
tion potential couples both subspaces. A good starting point is
the product wavefunction

¥one) = [95) [¥ne) (2.11)

where q)s is the zeroth order wavefunction of the electronic core
with quantum numbers 7y and ¥, the wavefunction of the va-
lence electrons. The valence electron wavefunctions are the eigen-
states of the Hamiltonian Hy4jence, this are no other than the known
analytical eigenfunctions of the Hydrogenic atom

2 2
_ . W = M e Z
Hyalence [¥ne) = Eng |ne) with En}f = —? (4_7-[eo> 3
(2.12)

whereas the core states q)g and their eigenenergies Es are only
known formally through a Hartree-Fock type calculation

Heore |95) = ES |95) - (2.13)

2.1.1 Polarization effects

Using the approach described above, it is possible to study with a
perturbation theory the valence electron interaction with the core
in terms of the potential

Vine (1 (2.14)

47‘[60 Z \r, —r|

In most of the cases, core electrons remain inactive during the
optical transitions of our interest and it is assumed that the cores
of the atomic species under study will have zero angular momen-
tum?. Even more, Hartree-Fock theory predicts that the potential
of closed subshells is spherically symmetric, such that the valence
electron orbitals are solution to a central field problem [6, §7.4].
In fact, to second order in perturbation theory, a multipole expan-
sion of the potential (2.14) will lead to energy shifts of the form

o Ek

o
AE = — 2 (| r 26D ) (2.15)
k=1
where the coefficients
D(Ekzzz < ‘21 1 fck( )‘¢’y>
- (0) ),
v Ec (7) — E: (r)

(2.16)

are the multipole polarizabilities of the charge distribution of the
core electrons. This approximation is good for valence electrons
in high-¢ angular momentum orbitals with no overlap with the
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charge distribution of the core electrons®. Dominant contribu-

tions for this kind of states will come from dipole and quadrupole
polarizabilities, the energies shifts will be predicted by the effec-
tive polarizability potential

v 1 lXEl 1“E2

pol — _EYT - er (2.17)

where the expectation values is over the Hydrogenic wavefunc-
tions of the valence electron®.

To effectively include low-/ states with penetration to the core,
one can weight the long range polarization effects with the cut-off
functions W, = 1 — e~ that suppresses the short-range behavior

as [11] . o
« r « r
% ~N——Wel| — ) — =—=Wg| —
pol (7) 2r4 6<rc> 2r6 8(rc>

where 7, is a phenomenological electronic core radius.

The scale of this polarization effect for different alkali species
can be seen in the left panel of figure 2.2a. Notice how the effect is
qualitatively similar in all the atoms but is weighted by the num-
ber of electrons in them. That is, as the number of core electrons
increases, the size of the polarization effect is higher, because the
Coulomb interaction between the core electrons and the valence
electron increases, and as such the effective polarizabilities.

(2.18)

2.1.2 Screening

The assumption that the valence electron is distinguishable and
nonpenetrating into the electronic core distribution, as expressed
in equation (2.11), holds for sufficiently high-/ states. However
in order to establish and set limits on possible contributions from
core penetration and exchange, it is important to model these
contributions. To see how, consider the case of an Alkali atom.
In such a case the single valence electron will move in the elec-
trostatic field of the nucleus produced by the Z protons, however
this field will be screened by the Z — 1 inner electrons as depicted
in figure 2.1.

Near the nucleus, the valence electron will experience the un-
screened Coulomb potential —Ze?/47eor and, as we get far away
of the nucleus, its charge will be completely screened to one unit
—e? /4megr.

In a multi-electronic self-consistent approach, calculations of
the electronic core wavefunctions (pg are available, then one can
construct the penetration potential from the known orbital wave-
functions of the core electrons shells as in Ref. [12].

4 See §3.9 on Ref. [7] for a short
introduction, or Refs. [8-10] for a
very detailed calculation.

> For bookkeeping reasons, we
shall use the naming convention
ag = af! for dipole polarizability
and aq = a2 for the quadrupole
polarizability.

+/Ze

-(Z-1)e

Figure 2.1: Shell model of the multi-
electron Alkali atom: Z — 1 electrons screen
the charge of the nucleus whereas only one
electron that can penetrate this shell is ac-
tively involved in the atomic transitions.
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However, generally such core wavefunctions are not avail-
able and then this approach becomes inconvenient and one needs
to phenomenologically include penetration and exchange effects.

To phenomenologically include electronic screening, one can use
a position dependent nuclear charge in the electron-nucleus in-
teraction potential in the valence electron Hamiltonian (2.7), such
that effectively the coulomb potential —Ze?/47eor becomes

1 Zeg(r)e?

Veen(r) = CAmey 1

(2.19)

in which

im Zeg(r) = Z and lm Zeg(r) =1, (2.20)
r—0 r—r00
as shown in figure 2.3.

In general the correction to the nuclear charge will be dictated
by the radial probability distribution of the valence electron—the
probability of finding the valence electron inside the core. The
phenomenological position-dependent weight function that in-
terpolates the value of the charge between the regions r — 0 and
r— o0is

Zhe =14+ (Z — 1)e 7 — r(al + aﬁr)e’”gr, (2.21)

where the parameters af,...,a} are found by fitting the experi-

mental values of atoms energies to the ones predicted by a Hamil-
tonian with a model potential including this effects®. In most of
the cases this values are fitted up to ¢ = 3 as states with higher
angular momentum do not have larger amount of penetration to
the core electronic distribution, and thus the change in the effect
compared to the state ¢ = 3 is small.

As a matter of fact, it is common to call the states with angu-
lar quantum number greater than the angular quantum number
of the core electrons ¢/ > /e nON-penetrating states; hence exper-
imentally one can use high-/ non-penetrating states to diminish
the effect of penetration of the valence electron to the electronic
core. This can be seen in the right panel of figure 2.2a where
fast exponential decay of the effect for large quantum numbers is
shown. For all the atoms in the figure, the behavior has the same
qualitative characteristic. This is related to the overlap between
the wavefunctions of the electronic core and the valence electron:
as the valence electron gets in a higher /-state, the wavefunction
concentrates outside the core electrons leading to a suppression
of the effect, as shown in figure 2.2b.

2.1.3 Effective Model Potential

In the past two subsections, we saw how the assumption of a dis-
tinguishable valence electron from the core electrons, as stated
in equation (2.11), led to simplifications in the Coulomb inter-
action potential V. between all the electrons in the atom. This

0_
—200
o |
\Jg i
§ —400
£ I
—600
—800
0.0
] — (=0
— 1 (=3
< 20
i _ ]
0 —— 7T
0 2 4
7 [ao]
Figure 2.3: Penetration  potential

Vpenetration (top) and  effective atomic
number Z.; (bottom) for Rubidium
(Z=37). Here a is the Bohr radius.

¢ See [13] for complete details.
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assumption heavily relies on the fact that the core electrons are
not dynamically involved in any of the transitions of interest and
also that the valence electron is in a high-¢ angular momentum
state. Both of this assumptions are true for Alkali metal atoms
or ionized Alkali earth metals where there is only one valence
electron and the core electrons are in closed electronic subshells.
This valence electron can then be excited to a high-/ Rydberg state
and the properties of such state will then be well described by
an effective model potential that effectively captures the multi-
electron effects described before.

In this order of ideas, the portion Hygience + Vint responsible
for the valence electron dynamics and its interactions with the
core electrons, equation (2.7) and equation (2.10) respectively, in
the atomic Hamiltonian (2.6) can be casted into an effective central-
field Hamiltonian

2

- P
Hcr = 20 + Vee(r), (2.22)
where the potential
ch(i’) = Vpen(r) + Vpol(r) (2.23)

includes the charge screening effects of the nucleus on the valence
electron as well as the polarization effects due to the presence of
the charge distribution of the core electrons.

As is, the central-field Hamiltonian (2.22) describes perturba-
tively the multi-electron effects on the valence electron as devi-
ations from the hydrogenic model accounted for in the central-
field potential Vp. Although the origin of the penetration and
polarization potential is well known and can be calculated ex-
actly, the central-field Hamiltonian can also be used when a para-
metric model as core wavefunctions are usually not available. In
this sense, the central-field Hamiltonian becomes a fit model to
the experimental one-electron energy levels [13] that can describe
highly excited electronic stated without the need of extensive cal-
culations.

This approach also provides a computational advantage. We
can rewrite the Hamiltonian (2.6) of the full atomic system as

H = Hcore + HCF + VIS/ (224)

where the core eigenstates q)g and eigenenergies E,(Yj have to be
calculated via a Hartree-Fock type calculation but, by knowing
the parameters of the model potential, one can numerically cal-
culate the eigenergies ES} and eigenfunctions of the central-field
Hamiltonian where all the multi-electronic effects are included
perturbatively [14]. In this sense, the ionization energy of the
state with quantum numbers yn/ is

Eqne = ES + ESf 4 (Yo ue|Vis| ¥ ne) (2.25)
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implying that the transition frequency between levels with the
same core state 7y but different state nf for the valence electron
are independent of the Hartree-Fock eigenenergies Es. In fact in
many approaches the complete Hartree-Fock Hamiltonian Hcore
is discarded as is not important to discuss the properties of the
transitions of the valence electron. However, Here is responsible
for the polarizability parameters of the model potential through
its wavefunctions (pg as shown in equation (2.16). Since we are
interested in the IS and the Hamiltonian is influenced by nuclear
effects, here we cannot disregard it here.

2.2 Nuclear Effects

Atomic electrons are sensitive to the properties of the nucleus
they are bound to, this sensitivity being reflected in the atomic
transition energies. A very precise determination of atomic spec-
tra can uncovers then information about the nucleus and its con-
stituents. This is the case for example for exotic effects at the bor-
derline between atomic and nuclear physics [15], such as parity
violation in atomic transitions due to the weak interaction, are of
interest. However, to be able to correctly disentangle this fancy
phenomena, one should have a good understanding of the nu-
clear effects.

This section shortly introduces some of the nuclear effects on
atomic transitions that are relevant for this work.

2.2.1 Normal Mass Shift

The effect of the nuclear motion relatively to the CM of the atom
occurs already in one-electron atoms when the aproximation of
infinite mass nucleus, as in Bohr’s theory, is not assumed. For a
nucleus with finite mass, the energy levels E,(fl ) will be modified
respect to the Bohr’s atom energy levels E,(fo) by replacing the
electron mass m, by the reduced mass p~! = m ' + m;! of the
atom’

2 ZZZ 72

In general this effect can be recasted onto the Rydberg constant of
each specific isotope

R = mﬁR(m% (2.27)

which translates into a renormalization of the Bohr’s atom tra-
sition frequencies by the ratio y /m.

DR () (Zz _ Zz) — K R <Z2 — Zz) = By

Me 1’12 n/Z Me n—n'"
(2.28)

7 Compare with equation (2.1).



8 Here the nuclear mass m,4 is ap-
proximated as my = Zmp + (A —
Z)mn =~ Amp.
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This effect is called Normal Mass Shift (NMS) because it is the
portion of the mass shift that corresponds to the variation of the
reduced mass of the atom. Quantitatively, the latter means that

the Bohr’s atom energy levels ES) are modified by the NMS as

SEnms = ES™ — EY
1 [/ & \*22
_ _H ) ().
_ ( me) E(). (2.29)

This also implies that the NMS decreases for heavier atoms with
atomic number A as®

N— R ——~—, (2.30)

and that the NMS affects homogeneously all of the atomic states.
We can see then that in our atomic Hamiltonian (A.4), the
NMS effect appears in kinetic terms of the form ﬁ YN ph

2.2.2 Mass Polarization or Specific Mass Shift

When the system has more than two particles, the center of mass
of any particular electron and the nucleus is no longer the center
of mass of the whole system. When moving to the CM frame,
there appears a set of two-body terms

1

gy (Lt [Pi - P [Ene) (2.31)

in Hamiltonian (A.4), also called mass polarization terms, which
imply a correction to the energy of the system

1 N N
AEsys = 57— Z Z <‘P7,n€‘pi ’ pj‘Ty,n€> . (2-32)
2ma i i

This effect is strongly dependent on the state of the atom, thus
called the Specific Mass Shift (SMS). Since in momentum space
the matrix elements of the momentum operators p; can be ex-
pressed in terms of the matrix elements r; between two states a
and b as (a|p;|b) = —imwg (a|r|b), the operator p; - p; resem-
bles the product of two dipole transition operators [16]. This is
helpful to gain some insight on the SMS. Consider the separated
wavefunction of valence and core electrons (2.11), let us split the
sum above into the terms acting on the valence electron and the
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core electrons, such that

N. N
AESMS— 722 907|Pl P]|§0'y>
i=1j#i
Nc

1
o 2 (95 IRile) - (Puelplpar) . (233)

i=1

It is easy to see that the second term in the right-hand side van-
ishes, as (,,¢|p|n¢) is zero’. In a broader sense, this means that
the SMS vanish between single particle product-type wave func-
tions unless the matrix element is allowed by dipole selection
rules. However, this is not the case for the wavefunctions go?r as
they are not separable in the case of self-consistent Hartree-Fock
type calculations, implying that the SMS for many-electron atom
is due to the presence of electron correlations in the wavefunction
as well as electron-electron exchange effects [17].

On the other hand, the SMS effect is also weigthed by 1/m4
as in the case of the NMS, hence for heavier atoms the size of the
SMS effect decreases.

2.2.3 Field (or Volume) Shift

Since different isotopes of the same element have different num-
ber of neutrons, their nuclear charge distribution o (r) will not
coincide, leading to a small shift in their electronic level energies;
this is the so-called Volume Shift or Field Shift (FS). Inside the nu-
cleus, the electrostatic potential no longer behaves like Ze/r but
will be determined by the distribution of the nuclear charge.

To see that, consider the term Zl Ven (1) in the many-electron
atom Hamiltonian (A.4). This term can encapsulate a correction
to the point-like Coulomb interaction between the electrons and
the nucleus; The first-order shift of the energy levels due to the
replacement of the pointlike nuclear distribution o = Z6®) (ry)
by an extended nucleus charge distribution o(r)

Z50C) (r o(r')
_ 3 3/ 3 3/
(5EFS—/dr/d ’r_rN’ /d /d Pl

where p(r) is the electron density, and

/ Fro(r) = Z. (2.35)

If one assumes that the nucleus has no permanent electric dipole
[ d3rn o () = 0, the expression above reduces to!”

6Eps = %”Zezp(o) (rX) (2.36)

where (r%;) is the root mean square radius of the nuclei and p(0)
is the electron density at the nucleus.

? Note that the assumption of the
separability of the wavefunction in
equation (2.11) neglects any corre-
lation effects between the core elec-
trons and the valence electron. In a
more general scenario, electron cor-
relations due to configuration mix-
ing can also lead to SMS effects
even if the states do not fulfill the
dipole selection rules.

o(r)

Nuclei Coulomb potential

V()

Figure 2.4: Simplified picture of the Field
Shift due to the change of the nuclear vol-
ume.

10 See §90.1.1 in Reference [17] for a
detailed calculation.



16 Chapter 2. Revisiting the Atomic Model

Several models for the nuclear charge distribution have been
used in the literature to describe the behavior of the nuclear den-
sity. Experiments have demonstrated that is actually the root
mean square radius <r12\]>1/2 of the nuclear charge distribution,

rather than the charge distribution itself, the parameter respon-
sible for the Field Shift—as given in equation (2.36). Other mo-
ments of the nuclear charge distribution also contribute but are
of smaller scale [18], regardless they become important when the
1 Hyperfine structure arises from  hyperfine structure!! of the atom is relevant.
the interaction between the nuclear The scaling of the FS is polynomial in m,4, contrary to the
magnetic dipole moment and the inverse-power dependence on the SMS and NMS, and depends
magnetic field generated by the strongly on the quantum state of the atom through the electron
electrons as well as the energy densityin the nucleus p(0) = \‘I’%ng(O)lz. Especially the s-electronic
of the nuclear electric quadrupole  orbitals, which have the largest overlap with the nucleus, will ex-
moment in the electric field gra-  perience more FS.
dient due to the distribution of Consider now the term Vyceys in equation (2.9) of the many-
charge within the atom. electron Hamiltonian. This potential describes the interaction of
the valence electron with the nucleus and will then be responsi-
ble to account for the Field Shift effect. Now, if the valence elec-
tron is in a high-/ state, then its electron density in the nucleus
is zero, and the valence electron will not experience any Field
Shift. This is true however to first approximation. Looking at the
core Hamiltonian (2.8) one can see an interaction term VN be-
tween the core electrons and the nuclei. As this Hamiltonian is
responsible for the core wavefunctions (pg and in turn this wave-
functions determine the parameters of the model potential (2.16),
then there exists a next-to-leading field shift in the valence elec-
tron that is hidden within it.

This higher-order effect of the FS on the parameters is ex-
pected to be small. However it is important to be able to quantify
the effect as it does not scale proportionally to the mass like the
NMS and SMS, and then cannot be factorized as such.
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Chapter 3

Extracting Data from
Experiments

Using experimental data, one can extract information about the
nuclear and electronic properties of the atom. In the nuclear case
one can use the data from different isotopes of the same element
to extract the Mass Shift and Field Shift contributions. In a simi-
lar manner, by measuring the energy difference between different
angular momentum states of an atom, it is possible to extract in-
formation about the polarizabilities.

3.1 Separation of Electronic Effects: The Polar-
ization Plot

As described in §2.1, high-¢ states of the valence electron with
negligible overlap with the core are dominated by polarization
effects described by the potential (2.17),

El E2

v 14 14

ol (1) = oA T o6 (3.1)

The energy difference between two levels with angular quantum
numbers ¢ and ¢’ but same principal quantum number # is given

by

fE1 L AF2 »

Ayt mir = 5 <r >p + A, (3.2)
where o = nl — nt’ is the transition and A (r™*) , = (r™*),,» —
<riK>nZ'

One can then find a linear relation

AEp aFl + wF? A <r_6>g3 (3 3)
A4~ o T oa A4 :
A(r=), 2 2 A(r),

where the set of points for different ¢ and ¢’ states with fixed n
will give the dipole polarizability coefficient as the intercept of
the line and the quadrupole polarizability coefficient as the slope.
This is the so-called a polarization plot [7].

However, higher order effects of the polarizability expansion
can lead to errors and, under real experimental conditions, other
effects might be important and will modify the shape of the model
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Figure 3.1: The polarization plot of the fine-
structure intervals of Mg™ (a) and Si** (b).
The AE,; intervals are corrected for rela-
tivistic, second-order, and Stark shifts. The
AE intervals account for (r~7) and (r~8)
polarizability effects. Plots taken from ref-
erence [19].
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potential [7, 19]. Such new terms in the model potential include
relativistic effects E,, Stark shifts from ambient electric fields Egg,
second-order effects due to relaxation of the Rydberg electron in
the field of the polarization potential Ege. and, as mentioned, cor-
rections due higher order polarizabilities of the ionic core. To cir-
cumvent the problem one can calculate and subtract these higher
order effects from the observed experimental values

AEZ
A )

b
MBS
A (r=%)

AEyo

RGN

(3.4)

© g

where AEpo is the calculated energy shift due to higher order
effects. This leads to a new linear relation
B2 A <r*6>p

7A<r—4>p'

A Ecalc E1
§

o
o 2

The effects of this higher order corrections in the linearity is shown
in figure 3.1.

Another option to go around the higher order polarizability
effects and minimize them is to use high-/ states, as (r*) ~ [~
renders the effect negligible. However, as the higher order cor-
rections get lower with higher ¢ and 7, the states become more
sensitive to stark shifts from stray electric fields, with the sensi-
tivity (polarizability) scaling as n”. One has to choose then / states
that suppresses the higher order effects but are not too sensitive
to stray electric fields [7]. Nevertheless there are new techniques
that can reduce the sensitivity to stray electric fields of the chosen
states [20] that could allow a measurement of this linear behavior
in high-/ states where higher order effects are suppressed.

3.2 Separation of Nuclear Effects: Isotope Shift
and the King’s Plot

In §2.2 we described the energy shifts on the atomic spectra due
to nuclear effects. This effects appear because of the difference
between the masses and the volume of the nuclei for different
isotopes, and thus called Isotope Shifts (IS).

Take for example the Normal Mass Shift (NMS) on §2.2.1.
Consider two isotopes of the same species, with A and A’ be-
ing their atomic mass numbers. These two isotopes of reduced
masses y and p’ will have for the same transition p = nl — n'¢’
a different NMS. The difference between this two transitions cor-
responds to the isotope shift induced by the NMS on each single
atom.

Quantitatively, the fractional difference of the transition fre-
quency (or IS) due to the NMS between two Isotopes of reduced
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masses y and ' is

(Bvo)fss _ vl — vl e ma =y (3.6)
Vg(Jy) B Uéay) I3 ma Me+my’ '

with véf‘) given by equation (2.28). The fractional shift by the

NMS is'?

(Av)le  me A— A A A
2VoINMS o, Me ~ 545 x 1 . 7
W T my A ST 8D

Then isotope shift due to the NMS rapidly decreases for heavy
atoms as A~2 when the difference between the isotopes mass
number A and A’ is not too big, and it is weighted by the electron-
proton mass ratio. This value is known with a relative uncer-
tainty of O(10~!) [21] and then the NMS can be precisely pre-
dicted 3 and, because of it, usually scaled out.

On the other hand, the Specific Mass Shift (SMS) described in
§2.2.2 for the same transition g will lead to an Isotope Shift [17,
§16.2.1]

/ map — mp

(Bvo)&ls = Koty with jugy = =P (38)
where Kgo = <\F'y,n€|2i<j pi- pj|1Y’y,nl> - <T'y’,n’€’|2i<j pPi- pj|1F’y’,n/€’>
is a purely electronic factor. In addition, notice that this expres-
sion scales as the NMS due to the mass factor, then the NMS and
SMS are expected to have the same order of magnitude. How-
ever, accurate determination of the SMS is difficult due to its de-
pendency on the core electron wavefunctions in contrast to the
NMS.

The two IS mechanism discussed above rapidly decrease with
increasing A. It is then suggestive to use heavy atoms to mini-
mize the effects of IS but, as the atoms becomes heavier, the Field
Shift (FS) effect becomes important. As described in §2.2.3, the FS
can be separated as well into an electronic factor, proportional to
the electronic density at the origin p(0), times a nuclear factor, the
root mean square radius of the nuclear charge distribution. Thus,
the isotope shift due to the FS for a transition p can be written as

(AV@)%/ = F, A, (3.9)

where the term F¥ is the electronic factor proportional to Ap(0) =
[¥ne|* — |¥ e |* between the initial and final electronic states,

12 Where nuclear mass 114 was ap-
proximated as my = Zm, + (A —
Z)my = Amp.

13 See Ref. [22], page 226 of Ref. [16]
and §16.2.1 of Ref. [17]

which in the simplest perturbation approach is given by (271/3) Ze?Ap(0)

as shown in (2.36).

The nuclear factor is proportional to the root mean square
radius of the nuclear charge distribution, but more generally it
should include all the moments of the nuclear distribution, such

)LAA,



FIGURE 3.2: King’s plot for Samarium
transitions. The transitions are normal-
ized by the difference of neutron num-
ber. The linear regression gives slope
m = —1.582 and intercept c = —335.95.

22 Chapter 3. Extracting Data from Experiments

—_

ot

o

o
L

—— Fitted line
O Data

1000 1

[MHz/AN] for 562.18 nm line
(@]
S

O-
<8
~1200  —1000 —800  —600  —400  —200 0
IS [MHz/AN] for 598.97 nm line
that
/ ! AA/ i
MY =5 (R)M H (Cre)s () +(Gre)s ()M -
(3.10)

with § <r1k\I>AA/ = <rIk\T>A - <rIk\T)A/ being the difference of the aver-
age value of nuclear charge distribution r* between two isotopes
with atomic numbers A and A’. The ratios C;/C; (i = 1,2,...),
which weight the higher even moments, depend only on Z and
not on the particular transition [17, §16.2.3].

With all of the above, the total IS of an spectral line ¢ will be
given by the sum of the mass dependent effects, the NMS and
SMS, and the volume effect FS, and can be written as

(D) = (Av )N + Kopahy + Fo A (3.11)

In general, as the NMS can be determined with very high preci-
sion and acts homogeneously on all the transitions, it can then be
factorized out, yielding the scaled or reduced IS

(D) = Kopgly + FoAM (3.12)

Analytical knowledge of the factor in the expression above are
not known, and one should extract information about them from
available experimental data.

3.2.1 King’s Plot

A method used to separate the mass shift and field shift from ex-
perimentally measured data is based on the King’s plot [23, 24].
By using two different transitions the King’s plot exploits the rela-
tions between the electronic and atomic factors in (3.12) to extract
ratios and differences between them, and without knowledge of
the cumbersome nuclear factors A44’,
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Consider two spectral lines p and ¢’ for a defined pair of iso-
topes A and A’. If one assumes that the proposed separability in
equation (3.12) is valid'* then, by taking the two spectral lines

(AV@J)AA/ = Kopap + F@AAA/ and
(D )M = Kyph, + Fg A2 Y (3.13)

one can find a relationship between the shifts of the spectral line
p and . Since A4 is independent of the transitions!'>, we can

write it in terms of (AUQ)AA/, K, and F, as

p 1 . K,
AAAT = Fp(Avp)AA - FTT” v (3.14)

and then replaced into the isotope shift for spectral line ', lead-
ing to

. (FE, / Ko\
(Avp/)AA — (;) (Al/p)AA + |:<Kp/ — FK)> VA}L}’:|' (3.15)
8] ©

The equation above defines a linear relation between (Avp)AA/

and (Av,)44" where the slope of the line is the ratio of the elec-
tronic F-factors and the intercept is the relation between the mass
polarization K-factors. Each pair of A and A’ isotopes defines a
point; a set of such points forms the King’s plot. To trace linear-
ity, we must consider at least 4 isotopes (A; A1; Ap; Az) forming 3
pairs, giving three points on the plot. For example [25, §1.9], the
linear regression of various pairs of Sm (samarium) isotopes for
the spectral lines 562.18 nm "F; =7 H, and 598.97 nm “Fy —7 D
have the linear behavior shown in figure 3.2. Such a plot, a dia-
gram where the scaled IS of a line g is plotted against the IS of
another line ¢/, is called a King's plot.

Atomic approaches to search for new physics rely on the as-
sumption that the linearities above hold. In the case that a new
force carrier appears a linearity breaking is expected in the po-
larization plot, due to the influence of the new mediator with
the electronic properties, as well in the King’s plot, in this case
through the modification of the isotopes shift formula due to the
possible nuclear coupling of the new mediator with the nucleus.
In the following section the aforementioned new physics media-
tor will be introduced and then its influence on the atomic spectra
and the linear relations above discussed.

14 Non-linear corrections to the
King’s plot may be due to the non-
factorization of the electronic and
nuclear parameters in the expres-
sion for the FS [3].

15 See discussion around equation
(3.9).
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“¢De qué trata el experimento?, dijo Rosa. ;Qué experimento?, dijo Amalfitano. El del libro colgado,
dijo Rosa. No es ningiin experimento, en el sentido literal de la palabra, dijo Amalfitano. ;Por qué
estd alli?, dijo Rosa. Se me ocurrié de repente, dijo Amalfitano, la idea es de Duchamp, dejar un
libro de geometria colgado a la intemperie para ver si aprende cuatro cosas de la vida real. Lo vas
a destrozar, dijo Rosa. Yo no, dijo Amalfitano, la naturaleza. Oye, ti cada dia estds mds loco, dijo
Rosa. Amalfitano sonrié. Nunca te habia visto hacerle una cosa asi a un libro, dijo Rosa. No es mio,
dijo Amalfitano. Da lo mismo, dijo Rosa, ahora es tuyo. Es curioso, dijo Amalfitano, asi deberia ser
pero lo cierto es que no lo siento como un libro que me pertenezca, ademds tengo la impresion, casi la
certeza, de que no le estoy haciendo ningiin dafio. Pues haz de cuenta que es mio y descuélgalo, dijo
Rosa, los vecinos van a creer que estds loco. ;Los vecinos, los que ponen trozos de vidrio encima de
las tapias? Esos ni siquiera saben que existimos, dijo Amalfitano, y estdn infinitamente mds locos que
yo. No, ésos no, dijo Rosa, los otros, los que pueden ver perfectamente bien lo que pasa en nuestro
patio. ;Alguno te ha molestado?, dijo Amalfitano. No, dijo Rosa. Entonces no hay problema, dijo
Amalfitano, no te preocupes por tonterias, en esta ciudad estdn pasando cosas mucho mds terribles
que colgar un libro de un cordel. Una cosa no quita la otra, dijo Rosa, no somos bdrbaros. Deja el
libro en paz, haz de cuenta que no existe, olvidate de él, dijo Amalfitano, a ti nunca te ha interesado
la geometria.”

—2666, Roberto Bolafio.
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“What's the experiment about?, asked Rosa. What experiment? asked Amalfitano. With the hanging
book, said Rosa. It isn’t an experiment, in the literal sense of the word, said Amalfitano. Why is it
there?, asked Rosa. It came to me all of a sudden, said Amalfitano, it's a Duchamp’s idea, leaving a
geometry book hanging exposed to the elements to see if it learns some facts about real life. You're
going to destroy it, said Rosa. Not me, said Amalfitano, nature. You're getting crazier every day,
you know, said Rosa. Amalfitano smiled. I've never seen you doing a thing like that to a book, said
Rosa. It isn’t mine, said Amalfitano. It doesn’t matter, Rosa said, it’s yours now. It’s funny, said
Amalfitano, that’s how I should feel, but I really don’t have the sense it belongs to me, and anyway
I have the impression, almost the certainty, that I'm not doing it any harm. Well, pretend it’s mine
and take it down, said Rosa, the neighbors are going to think you're crazy. The neighbors, those
who top their walls with broken glass? They don’t even know we exist, said Amalfitano, and they’re
way crazier than me. No, not them, said Rosa, the other ones, those ones who can see exactly what'’s
going on in our yard. Have any of them bothered you? asked Amalfitano. No, said Rosa. Then it’s
not a problem, said Amalfitano, it’s silly to worry about such small things when worse things are
happening in this city other than a book being hung from a cord. One does not exclude the other,
said Rosa, we’re not barbarians. Leave the book alone, pretend it doesn’t exist, forget about it, said
Amalfitano, you've never been interested in geometry.” “(free translation)

—2666, Roberto Bolafo.
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Chapter 4

New Long-Range
Interactions

The Standard Model of particle physics (SM) successfully des-
cribes and predict numerous phenomena up to the TeV scale, and
it is theoretically consistent up to a much higher energy. How-
ever, the SM has major problems as it cannot account for other ex-
perimentally observed phenomena. For example, it has no dark
matter particle that can explain observational measurements of
gravitational interaction, it cannot explain the baryonic assymetry
or imbalance of matter anti-matter in the observable universe, nor
it can predict neutrino oscillations. The above provides a strong
motivation to look for new particles beyond those included in the
SM. Although in the search of New Physics (NP) efforts concen-
trate in colliders and high-intensity experiments, optical tabletop
experiments can also be used as new high-precision approaches
to probe low-energy NP processes [1].

A systematic way to search for the effects of NP on atomic
systems and quantify their existence or lack thereof relies on the
measurement of the coupling constants of this new exotic physics.
Then, in a broad sense, the goal of an experiment is to search for
an exotic interaction and, if nothing is found, a limit or constraint
is established for the coupling constants of the particular form of
such interaction. Atomic experiments seek to explore regions of
parameter space that have not been previously studied to deter-
mine if undiscovered physics exists with such properties. In the
aftermath particle theorists can interpret the experimental results
in terms of possible new particles and derive limits on beyond
the SM theories.

Throughout this section the natural units system is used 1 =
¢ = 1 unless otherwise stated.

4.1 Long-Range Fermion Interactions

Consider the long range force between two fermions mediated by

a very light particle ¢. The general form of the scattering ampli-

tude is written in terms of the Lorentz invariant matrix element
1

Im{M} =———-85(4,7), 4.1
m{M} P (7,7) (4.1)
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where g, is the four-momentum and 1, the mass of the mediator
particle ¢.

The mathematical object above encodes all the properties of
the force. The range of the interaction will be determined by the
mass of the particle related to the Compton wavelength A, =
i/ mgc, this length-scale directly determines the sensitivity of an
experiment probing the interaction to be on the 7exp S Agp. On
the other hand, the coupling strength of the mediator ¢ to the
fermions ¢ and ¢/ is given by the spin-dependent factor S(7, ),
where the spin properties of the interacting fermions will deter-
mine the type of the interaction and thus the character of the me-
diator [26].

In the low energy regime, the Fourier transform of the momentum-
space amplitude (4.1) with respect to the momentum transfer 7
gives the position-space potential induced by the exchange of the
particle ¢ is given by [27, §5.2]

3
Vp(r) = — / (;:;3 e Tm{ M}. 42)
Notice that V(r) is intrinsically not Lorentz invariant because it
only involves integration over the spatial coordinates, however it
reproduces the low-energy limit of the interaction that is of inter-
est in atomic experiments.

To lowest order in the mass ratio between the interacting fermions
and the boson exchanged my y/my, the New Physics potential
will have the form [26]

k e—i’ / /\47
Vp(r) = — , 43
% . p(r) NP (4.3)
such that the low-energy spin-independent limit of the forceis de-
¢ termined by the non-relativistic Yukawa potential. The constant
knp is related directly to the coupling between the fermions and
the NP boson ¢.

N e
Figure 4.1: Scattering of electrons with nu- 4.2 Breaklng Llnearlty
cleons V' mediated by a low mass force car-
rier ¢. Consider the case in which the NP mediator couples electrons

to nucleons, that is, to protons and neutrons. The NP coupling
constant will then be given by

knp = (—1)5%, where ya = (A—-Z)y.+Zy, (44)
is the effective coupling of the nucleons and the NP mediator ¢
with spins = 0,1,2 [15].

On one hand, the coupling y, of the NP particle with pro-
tons implies a correction of the atomic Coulomb potential, the
effects of such a coupling will be then screened by the multiple
electron-electron interaction in the atom and then hidden in the
electronic coefficients of a certain level. Thus, only experimental
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observables sensitive to the electronic coefficients will be affected
by such a coupling.

On the other hand, if the hypothetical new force couples elec-
trons and neutrons, experiments sensitive to the variation of the
coupling constant kxp through the change in atomic number A
will be sensitive to the NP potential.

The experimental observables describe in §3 can be used to
extract information about the parameters of the new force carrier.

4.2.1 Polarization Plot
In section §3.1 the linear relation

A E?palc _ LEl E2
A <r_4>g) 2 <r_4>ga
for high-/ states of the valence electron was derived. Now, con-
sidering the presence of the new hypothetical force mediator ¢
through an atomic potential (4.3), the linear relation above will
be modified as

(4.5)

AE;?IC F1 OLEZ A <r—6 A <r—1€—7’/)\¢>

x P
el R ST k
AR, T2 T2 A, TNTTAG),

2. (4.6)

Contributions from the NP potential become comparable to
the other terms of the expression above when terms of the order
r‘éxp/ A‘;, < 1 are relevant. For high-¢ Rydberg orbitals, which
are the focus of this work, the experimental sensitivity will be
proportional to the orbit radius rexp ~ dof?, implying a sensitiv-
ity only to NP mediator with relatively low masses m' >> a3¢®.
In that case, the overall effect of the NP potential will be of an
effective correction to the Coulomb potential and, as such, not
quantifiable with the Polarization Plot.

One can still rely on the precision to which the coefficients Cy
and Cg are known to alleviate the requirements on m, '. However,
error assessments in experiments extracting such coefficients is
complicated and reach only precision on the order of tens of per-
cent [19]. Even more, experimental data on the atoms of interest
is limited and does not allow to build projection formulas for the
coefficients of interest.

Allin all, by using the polarization approach one purely relies
on the electronic properties of the NP. This in turn sets the range
to which the method will be sensitive to NP where only low me-
diator masses can be probed. On the other hand, to set bounds
for any NP mediator one would require precise estimations of
the model potential parameters which are not available for alkali
atoms.

The future however is not completely obscure for this ap-
proach. Microwave spectroscopy data of high-¢ states for the al-
kaline earth Mg™ [28] and the noble gasses Ne [29] and Ar [30] is
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available, opening the possibility towards the exploration of this
elements as possible playgrounds.

4.2.2 Isotope Shift and King’s Plot

Consider now the expression for the isotope shift (IS) in equa-
tion (3.12). With enough experimental accuracy, IS measurements
become sensitive to the presence of the NP potential. In the pres-
ence of this new effect the, IS becomes [2]
(Avg )44 = K, TATTA L P AAN | o Xpyan, (A7)
mampr
where X, is the electronic factor associated with the NP potential,
Yaar depends on the nuclear properties, and anp is proportional
to the coupling of neutrons and electrons. Specifically, from equa-
tion (4.3) this coefficients are

*7’/)\4} ,
ane = (<1222, Xp:<e . > , and M = A
©

(4.8)

If one tries to construct a King’s plot as in §3.2.1 from the IS
formula above, one gets the following relation between the IS fre-
quencies

. (FE, , K.\
(Avp/)AA = <;> (AV@)AA + [(K@/ - ;)VA}‘V}
2 P

X, Fu /
+ OCNPXp ( Xg - P?)’YAA ’
g S

(4.9)

where, as a consequence of the presence of the NP potential, there
exist a deviation of linearity in the King’s plot.

It is important to analyze the cases in which this explicit break-
ing of King’s linearity is valid. On one hand, one must require
that

Xy , F

+ &
X@ F@

(4.10)

that is, that the NP force is not short-range, such that nuclear ef-
fects does not suppress the sensitivity to the new force mediator.
On the other hand, some other non-linearities may appear from
higher-order contributions of the nuclear and electronic-structure
physics and, as we outlined before, these are usually hard to cal-
culate, for as they are not completely understood. For example,
one possible source of nonlinearities is of the form of a field shift
that depends on the isotope mass [15].

If an experimental deviation from King’s linear behavior is
observed, due to the precision to which this higher-order effects
are known, it will be difficult to distinguish the NP contributions
and other sources of nonlinearity. However, further insight of
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the NP can be gained if contributions from nuclear effects can be
ruled out. In that case the fact that NP forces are of a longer range
than nuclear effects can be beneficial. On the other hand, if lin-
earity is observed, then with high certainty any NP contribution
can be ruled out.

IS measurements of Rydberg states, highly excited electronic
states, can provide electronic observables that circumvent the nu-
clear effects. The use of Rydberg states to provide IS observables
independent of nuclear effects and that could possibly bound
long-range NP mediators, which is the main objective of this the-
sis. This approach to bound NP and the construction of such ob-
servables is the subject of the following section.






33

“Morelliana.

Basta mirar un momento con los ojos de todos los dias el comportamiento de un gato o de una mosca
para sentir que esa nueva vision a que tiende la ciencia, esa des-antropomor-fizacion que proponen
urgentemente los bidlogos y los fisicos como iinica posibilidad de enlace con hechos tales como el
instinto o la vida vegetal, no es otra cosa que la remota, aislada, insistente voz con que ciertas lineas
del budismo, del vedanta, del sufismo, de la mistica occidental, nos instan a renunciar de una vez por
todas a la mortalidad.”

—Rayuela, Julio Cortazar.
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“Morelliana.

It is enough to take a momentary look with everyday eyes at the behavior of a cat or a fly to feel that the
new vision towards which science seems to be heading, that dis-anthropomor-phization urgently pro-
posed by biologists and physicists as the only possible conjoinment with phenomena such as instinct
or vegetal life, is nothing but the remote, isolated, insistent voice by which certain lines of Buddhism,
Vedanta, Sufism, Western mysticism urge us to renounce mortality once and for all.” (e wanslation)

—Hopscotch, Julio Cortézar.
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Chapter 5

Using Rydberg Atoms to
Probe New Physics

Rydberg states, atomic states with high principal n and angular
¢ quantum number, are in general less affected by nuclear and
electronic systematics than low lying atomic states, mainly due
to the large orbital radius of the valance electron. In contrast,
precise isotope shift (IS) measurements of optical transitions de-
pend heavily on a detailed description of nuclear structure and
are therefore very difficult to theoretically calculate. This suggest
Rydberg states as a good platform for searches of new physics
(NP) —light force mediators between neutrons in the nucleus and
electrons— as they are potentially able to disentangle the new
physics observable from nuclear effects. However isotope shifts
of all multi-electron atoms are also affected by multi-electron cor-
relations which, due to their many-body character, are also im-
possible to precisely evaluate and therefore affecting the preci-
sion of new physics measurements in Rydberg atoms.

5.1 Rydberg Atoms

Rydberg atoms [31], atoms in states of high principal quantum
number 7, are atoms with exaggerated properties, i.e., strong re-
sponse to electric and magnetic fields, long decay periods and
electron wavefunctions that approximate, under some conditions,
classical orbits of electrons about the nuclei with extremely large
radius.

Rydberg atoms have played an important role since the begin-
ning of atomic physics. With their first appearance in the Balmer
formula for the series of atomic Hydrogen, the empirical binding
energies of the electron are given by the formula

R
W = o (5.1)

with R the Rydberg constant!®, 1 an integer, and J; is an empir-
ically observed quantum defect for the series of orbital angular
momentum ¢. This empirical formula was explained by the Bohr
model (see §2), where 7 is the principal quantum number of the

16 The Rydberg constant has re-
cently shown to be of interest be-
cause its relation to the proton ra-
dius puzzle [32]. High precision
measurement of the Rydberg con-
stant independent from nuclear-
charge-radius effects could help to
bound the uncertainties in the mea-
surement of the proton radius.



FIGURE 5.1: Energy-level diagrams of

hydrogen, lithium, and sodium show-

ing that the levels approximate those of

hydrogen for high principal quantum

numbers and high angular momentum

quantum numbers. Figure taken from
reference [33].

H Property  n-scaling H
(r) n’
E, n—2
T (low-¥) n
T (high-/) n°
AE,, n3

Table 5.1: Scaling laws for properties of the
Rydberg states: Orbital radius, state en-
ergy, radiative lifetime and separation be-
tween adjacent Rydberg levels.

Figure 5.2: Bohr orbits of n = 1 and n = 10.
ap =053 A
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system and the Rydberg constant
2\ 2 2,2
R(®) _ Me e _ Z-x m,c (5.2)
4_7'[?13 47€) 2h

was related to the mass and charge of the electron. This in con-
junction with the full quantum mechanical treatment from the
Schrodinger equation allowed to find scaling laws for the atomic
properties in terms of the principal and angular momentum quan-
tum numbers n and ¢, as listed in table 5.1.

At high n and /, or Rydberg states, the valence electrons have
binding energies which decrease as 72 and orbital radii which
increase as n%. Therefore in a Rydberg atom, the valence elec-
tron is in a large, loosely bound orbit. For example, the ground
state of H is bound by 1 Rydberg, 13.6 eV, and has an orbital ra-
dius of a9. In contrast, the n = 10 state has a binding energy of
0.01R and orbital radius of 1004y, as shown in figure 5.2. The fact
that this highly excited atomic states have no overlap with the
nucleus makes Rydberg atoms an interesting platform to study
any possible New Physics of long-range mediators free of the nu-
clear effects. Particularly, Rydberg states with the maximum an-
gular momentum ¢ = n — 1, so-called circular states because the
probability density is significant only in an annular region cen-
tered on the nucleus, are of interest. Conveniently, such states
have the longest lifetime in a given shell n and enjoy suppressed
Stark effect. In fact, circular Rydberg states of hydrogen in the
microwave regime have been used in very precise measurements
of transition frequencies setting a value for the Rydberg constant
with a 2.1 x 107! relative uncertainty [34, 35].

The empirical quantum defect factor &, has to be experimen-
tally determined for each single atom and its particular states.
This factor in formula (5.1) encapsulates all the corrections to the
experimental ionization values. It thus encodes all the complex
dynamics hidden in the atoms that deviate from the simple Bohr
atom physics. Apart from being a measure of the deviation from
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the Bohr atom, as depicted in figure 5.1 is, in fact, the quantum
defect J; is a measure of the phase shift of the wave function for
the multielectron atom from that for a hydrogen atom. In this
picture, the outermost or “valence” electron experiences a pure
Coulomb potential when it is beyond some critical distance from
the nucleus, but is “scattered” when it encounters the ionic core
composed of the nucleus and the remaining electrons.

It is well-known that equation (5.1) fits particularly well the
energy series of alkali-metal atoms, which have one electron out-
side a closed shell configuration. Thus, an alkali atom may be
thought of as a “one-electron” atom, the electron residing in a
potential provided by the nucleus and core electrons. This effec-
tive potential is described in detail in §2.1. A direct connection
between the non-hydrogenic contribution given by the effective
potential Vcr in equation (2.23) and the quantum defect can be
established semi-classically as

1
5, = —— / Vep(r)dt, 53
v 2t o cr(r) (5.3)

where the integration is performed over the classical orbit of the
electron [33]. In this sense, by studying the effective potential one
is able to essentially capture the full atom dynamics.

5.2 Bounding Linearity

As described in §4.2, the appearance of a new force carrier will
lead to a linearity breaking in the polarization plot through (i) the
NP electronic properties and (i) the King’s plot, as it will modify
the isotopes shifts via the nuclear couplings of the NP.

Both approaches above can be used to bound the properties
of the NP mediator. In the following, I describe how to make
projections bounds using alkali Rydberg atoms.

5.2.1 Isotope Shifts for Rydberg states
As described in §3.2.1, the reduced IS of a transition p is given by

(D)2 = Kouyky, + FoAA. (5.4)

The two terms on the equation above represent the Specific Mass
Shift (SMS) and the Field Shift (FS), respectively, where both y 45
and A 4p are purely nuclear quantities and are not dependent on
the chosen electronic transition p. On the other hand, the param-
eters K, and F, are dependent on the transition p but indepen-
dent on the isotope, where

Ko = (Yo uel)_pi- Pil¥yue) = Fowe Y pi- Pi[Yywe) (5.5)

i<j i<j



17 See equation (2.16) and the dis-
cussion around.
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is an exchange factor due to the electron-electron polarization in-
side the atom [16] and to first order

Fo = (271/3)Z€* (|¥,00(0)|* — [¥ e (0)]?) (5.6)

is an electronic factor proportional to the change in electron den-
sity at the nucleus between the initial and final electronic state
[17]. In this way, each term above is a factorization of nuclear
and electronic dependent quantities.

When Rydberg atoms are used to measure such IS, the spe-
cific contribution of the electronic and nuclear factors are easily
understood. In Rydberg atoms, one can assume that the Rydberg
electron is distinguishable from the electrons in the ion core as
it is always farther away from the nucleus than any of the core
electrons In this sense, with atomic zeroth-order wavefunction
\‘P g €> = |p5¢) |¢5§d> in equation (2.11) and assuming that the
transition g do not modify the quantum state of the core-electron
wavefunction, the isotope shift factors will become independent
of the Rydberg electron state and then the FS electronic factor will
reduce to

Fo = (27/3)28 (|95 (0))2 = 5™ (0)2) =0.  (57)

The above can be seen as a consequence of diminished interaction
of the Rydberg electron with the nucleus and core electrons and

its close proximity to the ionization energy [36], where |1p5€yd (0)?
the Rydberg electron electronic density at the nucleus is zero. The
SMS factor will have a similar behavior, with

Kp — @Corelzpz p]’¢core>

1<]
core’ZpZ p]’¢core> ~ (58)

i<j

where the approximations stands from the fact that higher-order
correlation effects in the electronic wave-function might appear.
Thus, if this correlation effects are important then a complete de-
scription of the SMS and the validity of the result above will re-
quire precise knowledge of the electronic wavefunctions. In that
case, the IS in the King relation(4.7) is proportional only to the
Mass Shift and any non-linearity can be related to deviations in
B,

From the discussion above, one would be tempted to com-
pletely disregard the FS effects. However, wavefunctions of the
core electrons are required to calculate the Rydberg electron effec-
tive potential, implying that any FS in the core wavefunction due
to nuclear effects will translate into a isotope dependent modifi-
cation of the effective potential parameters'”.

To see how the IS will behave for Rydberg atoms, consider
again the transition p = nf — n’¢’. The transition frequency VKJA
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of an isotope A in first order in perturbation theory is

e ual 1 1
2mhv, A = — = - —
e (47teg)ag m, <2n’2 2n2>

Cq (NN eRpa N/
2 \agm, rt o 2 \aome 70 o

(5.9)

where the brackets indicate the expectation values with respect to

the analytical Hydrogenic wavefunctions and (r ™) = (r7*), ,, —

2
<r_K>n€'
The reduced® Isotope Shift v, of the transition is then

oty AB _ aff 1 1
e = kgzzag(kﬂ) r2(k+1) . HaB

(AxF¥) 45 u 2(k+1) 1
+ Y PE ) (5.10)

k=12 Ao

Here we see that the terms from the long-range polarization po-
tential can be factorized. Together with the NMS and can also be
reabsorbed in the electronic factor K,, much in the sense of see-
ing this polarization effects as the responsible for the SMS. On the
other hand, any possible second order nuclear effect on the model
potential parameter is taken into account by the isotopic change
of the polarizabilities (Aaf¥) 5 = afF — afF. By using a semi-
classical approach with the Thomas-Fermi-Dirac description of
the atom, we can set a conservative bound on the isotopic change
of the polarizability coefficients (Aaf¥) 45 /aF* ~ 1075, conclud-
ing that the second term in the right hand side of equation (5.10)
is below of the order of the experimental precision'”. In the left
column of figure 5.4, the size of the isotopic change of the polariz-
ability coefficients v, in the King’s plot linearity (5.10) compared
with the transition frequency v,,, that is,

Ve _ 1y (M) 45 (o N
vg (kg 2 aghie r2+1) /o

9 k=12

(5.11)
is shown. One can see that the fractional contribution of v, scales
up with the number of electrons, which is directly related to the
polarizabilities aF*, and scales down for transitions p with higher
quantum numbers. The ability to neglect this contributions relies
on selecting the right atomic species and transition that will have
a fractional contribution well below the experimental uncertainty.
Under this considerations, the IS of Rydberg states with no
overlap with the nucleus or core electrons wavefunctions will

have a the form

27w, A8 = Ko piag, (5.12)

18 Reduced in the sense that NMS is
normalized out.

19 See Appendix ??
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Figure 5.3: Schematic illustration of the
nonlinearity NL. The IS frequencies vy, and
v,D are plotted for the three pairs of iso-
topes (AB, AC, AD) in solid blue circles.
The line joining the points AB and AC has
slope IZ@. The difference between point
AC and the hypothetical point lying on the
same line AC (open blue circle) as AB and
AD leads to the evaluation of nonlinearity
of equation (5.15). The bars accompanying
the dots represent the error bars or accu-
racy of the experimental value.
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5 4 i)
W 2 aé(k-ﬁ-l) P2051) [

being the electronic factor accompanying the reduced mass term.
Hence, one is able to bound non-linearities on the IS just by track-
ing the linear behavior of a defined transition frequency v, in
terms of the reduced mass difference i 45.

Here lays the power of the method of using Rydberg states.
The number of required transitions is reduced to one, no com-
plex calculation of multi-electron factors is required, and nuclear
factors drop completely from the linearity formula. The price one
pays is much reduced ability to bound heavy NP mediators with
the relevant masses being

with

K, =

(5.13)

exp _

my" = I/ Texpc = Meal 2. (5.14)

5.2.2 Tracing non-linearities

Consider now the presence of a new force carrier that couples
electrons and neutrons. The IS formula (5.12) is modified as

27, A8 = Ko piap + anpXovaar, (5.15)

as described in §4.2.2. To trace the existence of non-linearity, con-
sider the IS of pairs of isotopes (AB, AC, AD), giving three points
in the figure 5.3. If we take an hypothetical point AC lying in
the line formed by the points AB and AD determined by equa-
tion (5.12), the non-linearity of the point AC given by (5.15) can
be defined as

NL = (A\é — AC) = (ZTIh)_lDéNPXp’)’AA/. (516)
In that way, an experiment with some accuracy ¢ on the deter-
mination of the values is able to bound linearity if NL is lower
than the experimental accuracy. Qualitatively, a given set of data
is linear if

NL < on = \/2 (ANL/20;)%0? (5.17)
k

where oy, is the first-order propagated error due to the errors in

the experimental parameter Oy with standard deviations cy.

The proposed measure of non-linearity NL is in units of fre-
quency. It is possible then to estimate the possible bounds that
can be set on a new mediator given that the fractional contribu-
tion of NL to the IS in equation (5.16) is below the relative ex-
perimental uncertainty. The right column of figure 5.4 shows the
projected bounds on the coupling y.y, of a new force mediator
given some experimental precision. It is possible to see how the
ability to bound heavier mediators decreases for heavier atoms.
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FIGURE 5.4

FIGURE 5.5: Left column: fractional size of the isotopic change of the po-
larizability coefficients v, (indicated in the color bar) as defined in equa-
tion (5.11), for the transitions p = n¢ — n’¢’ from the initial circular states
¢ = n —1 (indicated in the horizontal and vertical labels). The dashed-
and solid-line boxes show the transitions used in the right column. Right
column: Projected bounds on the coupling y.y, of a new force mediator
of mass my for the experimental fractional accuracy indicated by the line
color (and its respective value in the color bar). Solid and dashed lines
correspond to the boxed transitions in the left column, respectively.
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To understand this better, lets consider three regions for the
interaction range of the NP potential Viyp(r;mg) = anpe /10 /1
set by the mediator mass .

o In the massless limit my < mexp where the interaction range
is larger than the atomic size, the NP potential behaves as
Vnp — anp/7, that is, the NP is independent on the mass
and any non-linearity can be related to deviations of the
transition frequency due to the modified Coulomb poten-
tial of the electron.

o For masses my ~ mexp that have comparable Compton wave-
length with the size of the electron orbit, the interaction
range is within the electron wavefunction and the poten-
tial is mass dependent Vnp — anpe"/ /7. In this region,
where the Rydberg electron is more sensitive to the NP me-
diator, one is able to bound both the coupling and mass of
the new particle.

e In the heavy mass limit my < mexp the sensitivity of the
Rydberg electron to the NP mediator is lost and thus the
bounds rapidly diverge.

As shown in figure 5.4, different atomic species will have dif-
ferent sensitivity to NP. This is determined by the size of the elec-
tronic core that condition the model potential approximation for
states with higher angular momentum . Higher angular momen-

tum in turn implies reduced sensitivity as it scales like m;Xp =

h/TexpC = Mol ~2. One is then required to wisely choose an elec-
tronic transition that on one hand reduces the electronic effects of
the isotopic change of the model potential parameters, but on the
other hand stay in the relevant regime where the electron is in the
range of the NP mediator.

A data-driven bound is currently unavailable as the transi-
tions of interest are experimentally not explored or the more stud-
ied elements have not enough stable isotopes that can be used to
perform experimental measurements. A few elements, like Ce-
sium, Rubidium, Potassium and Lithium, do have unstable iso-
topes with long lifetimes that can potentially open an avenue
for the required measurements. Still, manipulation of unstable
isotopes is generally complicated. This motivates a future com-
plementary approach, described in Appendix C, where the elec-
tronic properties of the NP are exploited intead of the isotopic
change.

Alkali Rydberg atoms are shown to be good probes for the
search of new low-mass mediators where nuclear and multi-electronic
effects that could be confused with the new physics signal can be
traced out, as discussed throughout this section. In the following
section the results and future directions of this work are summa-
rized, the best projected Rydberg bounds on NP are shown and
compared with existing experimental data.
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Chapter 6

Projected Bounds and
Concluding Remarks

In this thesis a strategy to formulate a set of observables that are
sensitive to the presence of new mass-dependent NP force medi-
ators in Rydberg atoms was elaborated. Rydberg atoms are in-
dependent to leading order of nuclear effects, and thus the ob-
servables developed require less transitions than the King’s plot
approach.

To this end, we studied the effective model potential that des-
cribes the interaction of the Rydberg electron with the charge dis-
tribution of the core electrons, avoiding in that way the compli-
cated and computer-expensive many-body relativistic core elec-
tronic wavefunction calculations. I turn, we rely on available
compiled data for the elements of interest.

However, the precision to which the parameters of the model
potential are known is limited. It is thus necessary to find atomic
transition lines in which the magnitude of the effects that de-
viate from the Coulomb-like interactions are lower than the ex-
pected experimental precision. This sets the range to which NP
can be bound by the system; atomic states with high quantum
number and large orbital radius enjoy suppressed non-Coulomb
effects but suffer from reduced ability to couple to heavy-mass
NP mediators. One needs to find a balance between the devil
of the reduced ability to bound and the deep blue sea of having
to deal with complicated many-body core-electron effects. Once
precision calculations for the model potential parameters become
available, where the uncertainty for their values is below order
unity, the ability of our method will be much improved. Even
thought this strongly encourages numerical calculations of the
model potential parameters, they were out of the scope of this
thesis.

We show that, to first order, the dynamics of the Rydberg lev-
els is free from nuclear structure effects and that all the isotope-
shifts involving Rydberg transitions scale as the Normal Mass
Shift (NMS). As a consequence, a linear relation between the re-
duced mass difference pgar = par — pa of an isotopic sequence
and the isotope-shift of a selected transition g can be found,

vg — vg =Kopanr- (6.1)
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Due to this linear behavior and as opposed to King’s plot linearity
approach, one can bound NP with the need of less isotopes and
only one transition, a feature that is advantageous for the atomic
systems of interest.

Second order nuclear structure effects enter into the parame-
ters of the model potential and can break the linearity described
above. For this reason it becomes important to estimate the or-
der of these effects. A full description of them requires knowl-
edge of the many-body wavefunctions of the electronic core and,
as these calculations are in general not available, a semi-classical
approach is used to calculate the isotopic variability of the model
potential parameters by using the Thomas-Fermi description of
the atom. Within this model, it is found that any second-order
nuclear size effect on the model potential will be well below the
experimental precision and then can be safely disregarded.

The projected bounds for several atomic states in different
Alkali metal atoms were calculated by scanning the parameter
space of the NP mediator to find the Rydberg levels with the most
suppression of electronic effects and the highest ability to bound
NP. In figure 6.1 the best projected bounds for the atomic species
studied are compared with experimental data for Calcium and
existing constraints from other experiments [2].

As a conclusion, using Rydberg transitions in one valence elec-
tron atomic systems, we formulated a complementary observ-
able to the King’s plot able to bound NP mediators using high-
precision measurements. The power of the method relies on the
decoupling of the nuclear effects and many-body core electron
effects from the dynamics of the Rydberg electron, allowing for a
reformulated mass-to-frequency linearity. Contrary to the King’s
plot, this approach requires with less transitions and potentially
atomic systems with less isotopes. This would enable more atomic
systems to be used as low-energy probes for NP in order to bound
low-mass NP mediators with a precision comparable to other as-
trophysical approaches and even possibly setting the strongest
atomic-based bound. For mid- to high-mass mediators, the method
does not provide good bounds as the sensitivity is heavily re-
duced due to the decreased coupling of the Rydberg electron with
the NP mediator.
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“(Uno se embarca hacia tierras lejanas, o busca el conocimiento de hombres, o indaga la naturaleza, o
busca a Dios; despue advierte que el fantasma que se persegura Uno mismo.)”

—Uno y el Universo, Ernesto Sabato.
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“(One embarks towards distant lands, or looks for the knowledge of men, or inquires about nature, or
seeks God; then one notices that the ghost that one went after is Oneself.)” *(free translation)

—Omne and the Universe, Ernesto Sabato.
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Appendix A

Center of Mass frame

Consider the non-relativistic Hamiltonian of an atom with N elec-
trons of mass m. located at positions r; fori = 1,...,N and a
nucleus of mass ms = Zmp + (A — Z)my at 1o,

N 2 N

2

Po pi

H=_94Y T 4+) Vin(ri—r) + 5 E}Vee i— 1), (A1)
ma - Home HF 2%

where Von (1 — 1) is the Coulomb potential between i-th electron
with the nucleus and Ve (r; — 1) the Coulomb potential between
electrons. The dynamics are best described in the center of mass
(CM) coordinate

N
MAYQ + Me Zi:l ¥;
M

Rem = (A.2)
and the difference coordinate p; = r; — 1o of the complete system.
The generalised momenta of this coordinate system is Pcy =
—hVpg and ; = -1V, respectively. With the above relations
the old momentum can be rewritten in terms of the CM momen-
tum as

Me N ma A
Pi:Tfi‘f’MPCM/ po = —;Tfi‘FﬁPCM, (A.3)
with M = m4 4+ Nm, the total mass of the system.
Thus, the Hamiltonian in the CM coordinates is

1
H= 2MPCM+EE7T +— §7r1 7T
A ij

+}:VeN pi)+ 5 }:Vee —p) (A4
i=1 17&]

where =1 = m ' + mZ! [5]. In this coordinates the dynamics of
the CM is separated from the dynamics of the nucleus and the N
electrons.
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Appendix B

Static dipole polarizability
in the Thomas-Fermi-Dirac
model

The work related to this appendix was done together with Yogev
Shpilman.

Here I describe the calculations were the method described in
[37] to derive the static dipole polarizability of atoms and ions
in the Thomas-Fermi-Dirac (TFD) model was followed. For ex-
tensive explanation of the TFD model see [38]. All the numerical
calculations were done by Yogev and are described elsewhere.

The energy functional in the TFD is E[p| = Ei + E, + E, where
E, is the exchange term. Applying variations JE[y] we get

5 4
(V—-Vy)e— gx,cpz/3 + gxupl/g’ =0, (B.1)
such that the relation between the potential and the electron den-
p
sity is
3
0 = 0p [(V—Vo—i—’[oz)l/z—i—’fo} (B.Z)

with 09 = (3e/5x,)%/? and 19 = (4x2/15xe)/2.
The Laplace equation for the potential is

3
V2(V = Vo + 1) = droge [(V —Vo+ )2+ ro} . (B3)

Let’s assume now that there is a perturbation V' to the potential
V — V 4 V' such that V/V’ <« 1 the equation above becomes

3
VZ(V+ V/ — V() =+ Tg) = 47T0'0€|:(V—|— V’ _ VO + T§>1/2 4 TO:|
3
VAV -W+1)+ ViV = 471(706{ [(V ~Vo+15)2+ TO]

(V= Vo+ )2+ 1)

V' +
(V—Vo+12)1/2

L3
2

2
V20 e aroned LV = Vo + )V + ]

Vl
2 (V—Vg—f—’fg)l/z

(B.4)


https://www.weizmann.ac.il/physics/yogev-shpilman
https://www.weizmann.ac.il/physics/yogev-shpilman
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where I used (B.3) for the last line. Assuming the potential V' =
(E-1)u(r) = Eru(r) cos 0 with 6 = Er, then the above becomes

Ecosf o*  , 1 9/. ,0
Tﬁ(r u(r)) + 25030 (sm@ag(Eru(r) cosG))

V—Vo+ )2+ 1)
= 47[0'03% [( o+ TO) 5 + 0}
2 (V-Vo+)172

(Eru(r) cos@)

2 V—Vo+ )2 4 1]°
g-l-é%—ﬁlmroe% It 0+ %)+ 1]
dr2 = rdr 2 (V—=Vo+13)1/2

u=0. (B5)

Applying the change of variables r = bx and (x) = 2% (V —
Vo + Tg )

-1/2
3) "o

(B.6)

2
d?u  4du

3/ Ze 1/2 ll) 1/2
2
a2 T rax e z(b) [(x) +Po

with o = T9+/#/Ze and choosing b such that 47topeb®/?(Ze)/? =

1
2u  4du 3 12 L\
deerdzlc_ZKf) +ﬁ°] (f) #=0. (B2

Setting B = 0 the expression above coincides with eqn. (14) in
the paper.

With the boundary condition ¢(0) = 1 we can find a power-
series solution to the differential equation around the point x = 0.
So, if we change variables to { = /x, then

© d2 d
u(g) = i;ﬂié‘ and Cd—; + 7d—g — 68%(14&Bo)*u =0 (B.8)

and one finds

ao
= x1/2,

2
u(x) = ag (1 + §x3/2 +-- ) such that d—z .73

(B.9)

Because at the end we care about the ratio u'(x)/u(x) the con-
stant g can be set to one.

With the above and the boundary conditions for u(x) around
Xo then

-1
& = b2 [1 + 3”(x°)] . (B.10)
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Appendix C

IS-enhanced Polarization
plot

For the reasons exposed in the main text, a complementary ap-
proach is required where one can use less (stable) isotopes in
the expense of more transitions. However, this approach has not
been yet explored and then is not added to the main body of the
thesis.

By looking closely again to the IS in equation (5.12), one real-
izes that the electronic factors are no other than the polarizabili-
ties?’. Then, instead of relying solely on the isotope behavior of
the new force, one can find an observable that will exploit both
the coupling to the nucleons as well as the electronic properties
of the force.

In such a case, consider now only two isotopes A and B of
the same atomic species and several transitions within the same
or very close n and several / quantum numbers. Then one can
turn the IS formula (5.15) into an IS-enhanced polarization plot.
Similarly to the polarization plot in §3.1, we can write

v, AB _ [(XEAl 0‘52 <r*6>p

© A :
(r=), 2ag  2af (r™*),
Here one would track linearity between

AB —6
Znh%’_i and <r_7>“’,
(), (),

but the polarization factors defining the slope and the intercept of
the linear plot will be weighted by p 4, reducing their absolute
value a couple of orders of magnitude and hence becoming more
sensitive to the NP term. Moreover, the mathematical behavior
of the ratio X,/ (r~*) is very distinct from the other terms in the
expression above as

27th

X
VAB+“NP7<V_4p> vap. (C.1)
0

(C.2)

X ANP 1
“NP@,#%'YAB = _WABWW
& &
(r™1) © 1 (")
+ ’YABOCNP7<Y,4> 2+ yaBanpe ) -
§©

(C.3)

AZH (n+1)1

20 In the leading order approach.
Higher order terms will be also fac-
torisable with p4p and thus they
don’t pose any problem for this ap-
proach.
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The first term on the left hand side can be interpreted as a direct
shift of the IS in (C.1)

1/AB

1 o«
2nh-—Y — — 2mh—— <vf‘B - ’)/ABNP>, (C.4)
(r=4), (r,\* Ag

the second as a renormalization of the coupling constant anp to
the Rydberg constant, and the third is a term with polynomial
behavior that is very distinct from the others.
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